Amalgamations of connected k-factorizations

A.J.W. Hilton, Matthew Johnson Department of Mathematics University of Reading P.O. Box 220 Reading, RG6 6AX, U.K

C.A. Rodger^∗ Department of Discrete and Statistical Sciences 120 Math Annex Auburn University Auburn, Alabama 36849-5307

E.B. Wantland Department of Mathematics University of Montana - Western College Dillon, MT 59725-3598

Abstract

In this paper, necessary and sufficient conditions are found for a graph with exactly

one amalgamated vertex to be the amalgamation of a k-factorization of K_{kn+1} in which

each k-factor is connected. From this result, necessary and sufficient conditions for a

given edge-coloured K_t to be embedded in a connected k-factorization of K_{kn+1} are

deduced.

∗Research supported by NSF grant DMS 9531722 and ONR grant N00014-97-1-1067.

1 Introduction

Over the past 30 years there has been substantial interest in finding partitions P of E(G) with the property that each element of P induces a graph that is isomorphic to a given fixed graph H; these are known as H-decompositions of G. For example, the existence problem when G = K_n, that is, the problem of finding the values of n for which there exists an H-decomposition of K_n, has been solved when H is a cycle [1, 17], a star [18], a path [19], and K_k when k ∈ {3, 4} [5, 9]; for a survey, see [11]. The problem of embedding an H-decomposition of G into an H-decomposition of K_n has also been addressed, as has a multigraph version of this problem; see [3, 4, 8, 10, 12, 13] for example.

Related, but substantially different, problems that have been considered more recently are the existence and embedding problems when H is required to be a spanning subgraph of G; so now the size of H increases with the size of G. Not only have these problems been of interest in their own right, but they have been attacked by using a powerful proof technique known as amalgamations of graphs. It is this technique that we use here. Exploring these problems has also introduced graph theoretic issues and methods into what was originally largely of design theoretic interest. For example Andersen, Hilton, Rodger and Wantland [2, 16] relied heavily on edge-colourings of graphs to prove the following neat embedding result.

Theorem 1.1 An n-edge-coloured K_t, with colour classes G(1), G(2) . . . , G(n), can be embedded in an n-edge-coloured K_{kn+1} in which each colour class is a k-factor if and only if

(1) d_{G(i)}(v) ≤ k for each v ∈ V (K_t) and for 1 ≤ i ≤ n, (2) min{|E(G(i))| : 1 ≤ i ≤ n} ≥ (2t − kn − 1)k/2, and (3) if k is odd, then n is odd.

Hilton [6] went on in the case where k = 2 to require that each k-factor be connected, that is, each k-factor is a hamilton cycle (see also [7] for a multipartite version of the same problem). Rodger and Wantland [16] generalized Hilton’s result to 2-edge-connected kfactorizations (this also follows from a result of Nash-Williams [14]).

Theorem 1.2 An n-edge-coloured K_t, with colour classes G(1), G(2) . . . , G(n), can be embedded in an n-edge-coloured K_{kn+1} in which each colour class is a 2-edge-connected k-factor if and only if

(1) conditions (1-3) of Theorem 1.1 are satisfied, (2) ∑ v∈V (C) d_{G(i)}(v) ≤ k|V (C)| − 2 for each component C of G(i) and for 1 ≤ i ≤ n, and

(3) if for 1 ≤ i ≤ n, there is a cutedge e in a component C of G(i), then the components C_1 and C_2 of C − e each contain a vertex of degree less than k in G(i).

So if each k-factor is required to be m-edge-connected, then Theorems 1.1 and 1.2 solve the embedding problem where m = 0 and m = 2 respectively. However the case where m = 1 and k is odd has remained open for some time, proving to be a tough nut to crack! (If k is even, then connected and 2-edge-connected are equivalent notions.) One of the main results of this paper is to solve the embedding problem when m = 1 (see Theorem 3.1).

Each of Theorems 1.1 and 1.2 can be proved using amalgamations, and they are used to prove Theorem 3.1. We now introduce this structure.

Let G be an edge-coloured graph on the set of colours {1, 2, . . . n}, and let P be a partition of V (G). The P -amalgamation of G is the n-edge-coloured graph with vertex set P , in which p ∈ P is incident with y loops coloured i if and only if there are y loops or edges in G that join vertices in p, and in which the number of edges coloured i joining p_1, p_2 ∈ P, p_1 ≠ p_2, is the number of edges coloured i in G that join vertices in p_1 to vertices in p_2. We say that H is an amalgamation of G if it is the P -amalgamation of G for some partition P of V (G).

An outline k-factorization of K_{kn+1} is an n-edge-coloured graph H and an associated function f = f_H : V (H) → N that satisfies the properties:

P (a) : for each v, w ∈ V (H), the number of edges joining v and w is f(v)f(w),

P (b) : for each v ∈ V (H), the number of loops incident with v is (_{f (v)} 2 ) , P (c) : for 1 ≤ i ≤ n, each v ∈ V (H) is incident with kf(v) edges coloured i (counting loops as 2 edges), and

P (d) : ∑ v∈V (H) f(v) = kn + 1.

It is not hard to see that any P -amalgamation of any k-factorization of K_{kn+1} is an outline k-factorization of K_{kn+1}. It then becomes a captivating question to ask if the converse is also true: it is!

Theorem 1.3 [2, 16] Each outline k-factorization of K_{kn+1} is the amalgamation of a kfactorization of K_{kn+1}.

It turns out that Theorem 1.1 follows easily from Theorem 1.3, and so perhaps not too surprisingly, Theorem 1.2 follows from the following result of Nash-Williams [14], and of Rodger and Wantland [16].

Theorem 1.4 Each outline k-factorization of K_{kn+1} in which each colour class is 2-edgeconnected is the amalgamation of a k-factorization of K_{kn+1} in which each k-factor is 2- edge-connected.

The other main result (see Theorem 2.3) of this paper is a first attempt to provide the companion result to Theorems 1.3 and 1.4 in the case where each k-factor is only required to be connected (rather than 2-edge-connected).

Throughout the remainder of this paper we will use the following notation. The function f_H is usually represented by f. Let H be an outline k-factorization of K_{kn+1} on the vertex set {v_0, v_1, . . . , v_{r−1}}. For 1 ≤ i ≤ n and for each v ∈ V (H), let H_i(v) and H(i) be the subgraphs of H − v and of H respectively that are induced by the edges coloured i, let ω_i(v) be the number of components in H_i(v), let C_{i,1}(v), C_{i,2}(v), . . . , C_{i,ωi(v)}(v) be the components of H_i(v), and let L_i(v) be the set of loops coloured i that are incident with v in H. For 1 ≤ i ≤ n, for each v ∈ V (H), and for 1 ≤ j ≤ ω_i(v), let E_{i,j} (v) be the set of edges in H coloured i that join vertices in C_{i,j} (v) to v, and let ϵ_{i,j} (v) = |E_{i,j} (v)|. For 1 ≤ i ≤ n, let E_i(v) = ⋃_{ωi(v)} j=1 E_{i,j} (v), ϵ_i(v) = |E_i(v)| and l_i(v) = |L_i(v)|. For any undefined graph theoretic terms, see [20].

An outline k-factorization H of K_{kn+1} is said to be tree-connected if for 1 ≤ i ≤ n:

C(a) : H(i) is connected, and

C(b) : for all v ∈ V (H), f(v) + ω_i(v) ≤ ϵ_i(v) + l_i(v) + 1.

We refer to the bound C(b) as the tree bound for H(i) (see the proof of Lemma 2.1 for the reason for this name). As Lemma 2.1 proves, requiring an outline k-factorization to be tree-connected is necessary for it to be the amalgamation of a connected k-factorization of K_{kn+1}, and as Theorem 2.3 proves it is sufficient in the case where f(v) = 1 for all vertices except possibly one. Even with this restriction, Theorem 2.3 is strong enough to obtain our embedding result, Theorem 3.1.

2 The Results

We begin by showing that tree-connected outline k-factorizations are natural associates of amalgamations of connected k-factorizations of K_{kn+1}. (Notice that a vertex v in an amalgamation of a graph G is formally a set of vertices in G; we use a lower case letter because it is more fruitfully thought of as a vertex rather than a set.)

Lemma 2.1 Suppose H is a {v_0, . . . , v_{r−1}}-amalgamation of a k-factorization of K_{kn+1} in which each k-factor is connected. Then H is a tree-connected outline k-factorization of K_{kn+1} with f_H (v_z) = |v_z| for 0 ≤ z ≤ r − 1.

Proof: It is easy to see (and it is shown in [2] and [16]) that H is an outline k-factorization of K_{kn+1}. Clearly H(i) is connected. We need to show that the tree bound C(b) is satisfied. Let the k-factors of K_{kn+1} be F (1), F (2), . . . , F (n). Let the vertex set of K_{kn+1} be W . Recall that v_z is a subset of W for 0 ≤ z ≤ r−1. For each v ∈ V (H), if v = {w_1, . . . , w_{f (v)}}, then let

H_v be the {{w_1}, . . . , {w_{f (v)}}, V (C_{i,1}(v)), . . . , V (C_{i,ωi} (v))}-amalgamation of F . Since F (i) is connected, H_v (i) is connected for 1 ≤ i ≤ n, so ϵ(H_v (i)) ≥ f(v) + ω_i(v) − 1 (the number of edges in a spanning tree on f(v) + ω_i(v) vertices). An edge in H_v (i) joining a pair of vertices in {w_1, . . . , w_{f (v)}} corresponds to a loop coloured i on v in H, and an edge in H_v (i) joining a vertex in {w_1, . . . , w_{f (v)}} to a vertex in {V (C_{i,1}(v)), . . . , V (C_{i,ωi} (v))} corresponds to an edge coloured i in H joining a vertex in V (H) \ {v} to v. Therefore ϵ(H_v(i)) = l_i(v) + ϵ_i(v), so l_i(v) + ϵ_i(v) ≥ f(v) + ω_i − 1.

We need the following for our proof of Theorem 2.3. A set F of sets is a laminar set if for all X, Y ∈ F, X ⊆ Y , Y ⊆ X or X ∩ Y = ∅. We say x ≈ y if ⌊y⌋ ≤ x ≤ ⌈y⌉. Lemma 2.2 is from [14].

Lemma 2.2 If F and G are laminar sets of subsets of a finite set M and h is a positive integer then there exists a set J ⊆ M such that |J ∩ X| ≈ |X|/h for every X ∈ F ∪ G. (1) We are now ready to prove the first main result of this paper.

Theorem 2.3 Let H be a tree-connected outline k-factorization of K_{kn+1} in which

f(v) = 1 for all vertices v in G except possibly for one.

Then H is an amalgamation of a connected k-factorization of K_{kn+1} .

Remark 1 If k is even, then connected and 2-edge-connected are equivalent, so Theorem 2.3 follows from Theorem 1.4 in this case.

Remark 2 In the following proof, the assumption that f(v) = 1 for all vertices except possibly one is used only once, and that is near the end. In the expectation of eventually finding a proof of the generalization of Theorem 2.3 which removes this assumption, throughout this proof we write f(v) instead of 1. This also assists the reader in following the calculations, and adds no length to the proof. Note that to generalize Theorem 2.3, the concept of tree-connected would need to be developed considerably. This is discussed in Section 4.

Proof: Recall that the vertex set of H is {v_0, . . . v_{r−1}}. For v ≠ v_0, let f(v) = 1, and let f(v_0) = α > 1. We shall construct H^′ with vertex set {v_0, . . . v_{r−1}, v_r} where for v ≠ v_0, f^′(v) = 1, and f^′(v_0) = α − 1. We shall show that H^′ is a tree-connected outline kfactorization. By repetition we obtain a tree-connected outline k-factorization with f(v) = 1 for each vertex v, which is in fact a connected k-factorization of K_{kn+1}.

H^′ is formed by adding the vertex v_r to H and replacing some of the loops on v_0 in H with edges from v_0 to v_r in H^′, and replacing some edges {v_z, v_0}, 1 ≤ z ≤ r − 1, in H with edges {v_z , v_r} in H^′.

To help us decide how to choose these loops and edges we create a bipartite graph B. It has vertex sets {v^′_1, . . . , v^′_{r−1}} ∪ {v(L)} and {c^′_1, . . . , c^′_n}. For 1 ≤ z ≤ r − 1, if v_z is joined to v_0 by x_{i,z} edges of colour i in H, then in B there are x_{i,z} edges joining v^′_z to c^′_i. Also v(L) is joined to each c^′_i by twice the number of loops of colour i on v_0 in H. So the degree of v^′_z in B is equal to the total number of edges from v_z to v_0 in H, and the degree of v(L) in B is equal to twice the number of loops on v_0 in H. The degree of c^′_i in B is equal to the number of edges of colour i incident with v_0 in H (with loops counted twice). Thus

d_B (v^′_z) = αf(v_z ), (2) d_B (v(L)) = α(α − 1), and (3) d_B(c^′_i) = kα, (4)

by P (a), P (b) and P (c) respectively.

We need some more definitions. First note that we will write, for example, H_i and C_{i,j} instead of H_i(v_0) and C_{i,j} (v_0). The following definitions also relate to v_0. Let ω^{(1)}_i be the number of components of H_i that are joined in H(i) by just one edge to v_0, let E^{(1)}_i be the set of edges in H(i) from v_0 to these components, and let ϵ^{(1)}_i = |E^{(1)}_i |. Note that ω^{(1)}_i = ϵ^{(1)}_i . Let ω^{(>1)}_i be the number of components of H_i joined by more than one edge to v_0 in H(i), let E^{(>1)}_i be the set of edges in H(i) from v_0 to these components, and let ϵ^{(>1)}_i = |E^{(>1)}_i |. Note that ω_i = ω^{(1)}_i + ω^{(>1)}_i and ϵ_i = ϵ^{(1)}_i + ϵ^{(>1)}_i . Let a_{i,j} and b_{i,j} be defined by ϵ_{i,j} = a_{i,j} α + b_{i,j} and 1 ≤ b_{i,j} ≤ α.

For 1 ≤ i ≤ n, let S_i be the set of edges in B that correspond to loops on v_0 of colour i or edges of E^{(>1)}_i . Thus |S_i| = ϵ^{(>1)}_i + 2l_i. Claim 1 |S_i| = ϵ^{(>1)}_i + 2l_i ≥ α.

Proof: As H is tree-connected it satisfies the tree bound C(b). Thus f(v_0) + ω_i(v_0) ≤ ϵ_i(v_0) + l_i(v_0) + 1, which we rewrite as α + ω^{(1)}_i + ω^{(>1)}_i ≤ ϵ^{(1)}_i + ϵ^{(>1)}_i + l_i + 1.

Now, since ω^{(1)}_i = ϵ^{(1)}_i , α + ω^{(>1)}_i − 1 ≤ ϵ^{(>1)}_i + l_i.

If ω^{(>1)}_i ≥ 1, then ϵ^{(>1)}_i + l_i ≥ α and the claim is proved. If ω^{(>1)}_i = 0, then ϵ^{(>1)}_i = 0 so we have α − 1 ≤ l_i. Hence 2l_i ≥ 2α − 2

= α + (α − 2) ≥ α, since α ≥ 2.

We form two laminar sets containing sets of edges of B. Let V^z be the set of edges incident with v^′_z and let V^L be the set of edges incident with v(L). Let F consist of V^z, 1 ≤ z ≤ r − 1, and V^L. F is a laminar set since the sets it contains are disjoint.

Let C^i be the set of edges incident with c^′_i. Let C^{i,j} be the set of edges of B that correspond to edges of H of colour i from v_0 to C_{i,j} . Note that |C^{i,j} | = a_{i,j} α + b_{i,j} . (5)

Let G consist of C^i, C^{i,j} and S_i, 1 ≤ j ≤ ω_i, 1 ≤ i ≤ n. Note that for 1 ≤ i ≤ n, C^i ⊇ S_i and, for 1 ≤ j ≤ ω_i, C^i ⊇ C^{i,j} . If ϵ_{i,j} > 1, then S_i ⊇ C^{i,j} ; if ϵ_{i,j} = 1, then S_i ∩ C^{i,j} = ∅. Also C^{i,j1} ∩ C^{i,j2} = ∅ if j_1 ≠ j_2. Therefore G is a laminar set.

Apply Lemma 2.2 with M as the edge set of B and h = α to obtain a set of edges J that satisfies (1). Note that

|J ∩ V^z | = f(v_z ), (6) |J ∩ V (L)| = α − 1, (7) |J ∩ C^i| = k, (8) |J ∩ C^{i,j} | ≤ a_{i,j} + 1, (9) |J ∩ S_i| ≥ 1, (10) by (2), (3), (4), (5) and Claim 1 respectively.

We now form H^′. We add a vertex v_r to H. If {v^′_z, c^′_i} ∈ J, then an edge coloured i from v_z to v_0 is replaced with an edge coloured i from v_z to v_r. If {v(L), c^′_i} ∈ J, then a loop coloured i on v_0 in H is replaced with an edge coloured i from v_0 to v_r. We check that H^′ is a tree-connected outline k-factorization.

If v, w ∈ V (H^′) \ {v_0, v_r}, then the edges between v and w are unaffected. By (6), the number of edges from v_r to v_z is f(v_z ) = f^′(v_z)f^′(v_r). The number of edges from v_0 to v_z is, again by (6), reduced by f(v_z ) as H^′ is formed; so the number of such edges is now αf(v_z ) − f(v_z ) = (α − 1)f(v_z ) = f^′(v_0)f^′(v_z ). The number of edges from v_0 to v_r is, by (7), α − 1 = f^′(v_0)f^′(v_r). So P (a) is satisfied.

For v ∉ {v_0, v_r}, the number of loops on v is unchanged. There are no loops on v_r (as required since f^′(v_r) = 1). By (7), the number of loops on v_0 is reduced by α − 1. The number that remain is (_α 2 ) − (α − 1) = (_{α−1} 2 ) = (_{f ′(v0)} 2 ) . So P (b) is satisfied.

For v ∉ {v_0, v_r}, v is incident with the same number of edges of each colour in H^′ as in H. By (8), v_r is incident with k = kf^′(v_r) edges of each colour. So in H^′ v_0 is incident with k fewer edges of each colour than it is in H. So the number that remain incident to v_0 in H^′ is kα − k = k(α − 1) = kf^′(v_0). So P (c) is satisfied.

As f^′(v_0) + f^′(v_r) = f(v_0), P (d) is satisfied.

We have shown that H^′ is an outline k-factorization. It remains to show that it is treeconnected.

First we show that C(a) is satisfied. To show that H^′(i) is connected it is sufficient to show that there is a path from v_0 to v_r since in H_i every vertex was in a component joined in H(i) to v_0, so in H^′_i every vertex is in a component joined in H^′(i) to either v_0 or v_r. We know by (10) that J contains at least one edge from S_i. If this is a loop, then v_0 is joined to v_r in H^′(i). The alternative is that J contains an edge from E^{(>1)}_i that in H(i) joins some C_{i,j} to v_0. So this C_{i,j} is joined to v_r in H^′(i). It remains joined to v_0 in H^′_i if C^{i,j} \ J ≠ ∅. We observe that |C^{i,j} \ J| = |C^{i,j}| − |C^{i,j} ∩ J| ≥ a_{i,j} α + b_{i,j} − (a_{i,j} + 1), by (5) and (9). Therefore |C^{i,j} \ J| ≥ a_{i,j} (α − 1) + (b_{i,j} − 1) > 0, since if a_{i,j} > 0, then a_{i,j} (α − 1) > 0 (as α ≥ 2), and if a_{i,j} = 0, then b_{i,j} ≥ 2 and so b_{i,j} − 1 > 0. We now show that C(b) is satisfied. For v ≠ v_0, we already know that H^′(i) is connected so ϵ^′_i(v) ≥ ω^′_i(v). Thus, as f^′(v) = 1, f^′(v) + ω^′_i(v) ≤ ϵ^′_i(v) + l^′_i(v) + 1. It only remains to show that f^′(v_0) + ω^′_i(v_0) ≤ ϵ^′_i(v_0) + l^′_i(v_0) + 1; that is, α − 1 + ω^′_i ≤ ϵ^′_i + l^′_i + 1.

Claim 2 α + ω_i + ∑_{ωi} j=1 a_{i,j} ≤ ϵ_i + l_i + 1.

Proof: If ∑_{wi} j=1 a_{i,j} = 0 then the result follows from the fact that H satisfies C(b). For other cases first recall that

ϵ_i = α ∑ j a_{i,j} + ∑ j b_{i,j} .

Since ∑ j b_{i,j} ≥ ω_i we have ϵ_i ≥ α ∑ j a_{i,j} + ω_i. Therefore

ϵ_i + l_i + 1 ≥ α ∑ j a_{i,j} + ω_i + 1

= α + α ( ∑ j a_{i,j} − 1 ) + ω_i + 1

= α + (α − 1) ( ∑ j a_{i,j} − 1 ) + ∑ j a_{i,j} − 1 + ω_i + 1

= α + ω_i + ∑ j a_{i,j} + (α − 1) ( ∑ j a_{i,j} − 1 )

≥ α + ω_i + ∑ j a_{i,j} ,

since α ≥ 2 and ∑ j a_{i,j} ≥ 1. Let Δ(ϵ_i) be the number of edges (not loops) of colour i incident with v_0 in H that were replaced by edges of colour i incident with v_r in H^′. Let Δ(l_i) be the number of loops of colour i on v_0 in H that were replaced by edges of colour i that join v_0 to v_r in H^′. Thus l^′_i = l_i − Δ(l_i) and ϵ^′_i = ϵ_i − Δ(ϵ_i) + Δ(l_i). Hence

ϵ^′_i + l^′_i = ϵ_i + l_i − Δ(ϵ_i). (11)

Now consider H^′_i and H_i. H^′_i contains the same components as H_i except that some (or perhaps none) of them are merged together and form a new component that also contains v_r. We want to know how many such components there are. That is, to how many different components of H_i are the Δ(ϵ_i) edges moved from v_0 to v_r joined? Since, by (9), at most a_{i,j} + 1 of these edges are joined to C_{i,j} , 1 ≤ j ≤ ω_i, we can choose at most ∑ j a_{i,j} of the Δ(ϵ_i) edges to ignore in such a way that those left join v_0 to distinct components of H_i. So the number of components joined together to form a single component of H^′_i that also contains v_r is at least Δ(ϵ_i) − ∑ j a_{i,j} . That is, H^′_i has one component that contains vertices from at least Δ(ϵ_i) − ∑ j a_{i,j} components of H_i. Therefore ω^′_i − 1 ≤ ω_i − ( Δ(ϵ_i) − ∑ j a_{i,j} ) . Hence

α − 1 + ω^′_i ≤ α + ω_i − Δ(ϵ_i) + ∑ j a_{i,j} . By Claim 2, we obtain

α − 1 + ω^′_i ≤ ϵ_i + l_i − Δ(ϵ_i) + 1.

Then, by (11),

α − 1 + ω^′_i ≤ ϵ^′_i + l^′_i + 1.

So C(b) is satisfied and the Theorem is proved

3 An Application

An interesting application of Theorem 2.3 is the following companion result to Theorem 1.2. Let K_t be edge-coloured on the set of colours {1, 2, . . . , n}. For 1 ≤ i ≤ n, let G(i) be the subgraph of K_t that is induced by the edges coloured i, and let C_{i,1}, . . . , C_{i,ωi} be the components of G(i). For 1 ≤ i ≤ n and 1 ≤ j ≤ ω_i, if G(i) has maximum degree at most k then let ϵ_{i,j} = ∑ v∈V (C_{i,j} )(k − dG(i)(v)) and let ϵi = ∑_{ωi} j=1 ϵ_{i,j}; so in particular, if |V (C_{i,j} )| = t then 2|E(G(i))| = kt − ϵ_i for 1 ≤ i ≤ n.

Theorem 3.1 Let k ≥ 3. Let α = kn + 1 − t. An n-edge-coloured K_t, with colour classes G(1), G(2), . . . , G(n) (where possibly some colour classes contain no edges), can be embedded in a n-edge-coloured K_{kn+1} in which each colour class is a connected k-factor if and only if

(1) d_{G(i)}(v) ≤ k for each v ∈ V (K_t) and for 1 ≤ i ≤ n,

(2) ϵ_{i,j} ≥ 1 for 1 ≤ i ≤ n and 1 ≤ j ≤ ω_i, (3) α ≥ max{ϵ_i/k : 1 ≤ i ≤ n}, (4) α ≥ max { 2ω_i − ϵ_i − 2 k − 2 : 1 ≤ i ≤ n } , and

(5) if k is odd then n is odd.

Remark. If k is even, then Theorem 3.1 is equivalent to Theorem 1.2. Proof: First suppose that K_t is embedded in a connected k-factorization of K_{kn+1}. Let F (1), F (2), . . . , F (n) be the k-factors where G(i) is a subgraph of F (i). We show that conditions (1-5) hold.

Since d_{G(i)}(v) ≤ d_{F (i)}(v) = k for each v ∈ V (K_t) and for 1 ≤ i ≤ n, we have that (1) holds.

For 1 ≤ i ≤ n, since F (i) is connected, each component of G(i) must be connected to a vertex in V (K_{kn+1}) \ V (K_t), so (2) holds.

Since, for 1 ≤ i ≤ n, there are exactly ϵ_i edges in K_{kn+1} coloured i that join vertices in V (K_t) to vertices in V (K_{kn+1}) \ V (K_t), and since d_{F (i)}(v) = k for each of the α vertices v in V (K_{kn+1} ) \ V (K_t), it must be that ϵ_i ≤ kα, so (3) holds.

If the vertices in V (K_{kn+1}) \ V (K_t) are amalgamated into a single vertex v_0, then by Lemma 2.1 the resulting graph H^∗ is a tree-connected outline k-factorization of K_{kn+1} with f(v_0) = α and f(v) = 1 for each v ∈ V (H^∗) \ {v_0}. So H^∗ satisfies C(b) for v_0:

α + ω_i ≤ ϵ_i + (kα − ϵ_i)/2 + 1.

Therefore α ≥ (2ω_i − ϵ_i − 2)/(k − 2), so (4) holds.

Finally, if k is odd then each k-factor is a graph in which each vertex has odd degree, so it must have an even number of vertices; so kn + 1 is even, and so (5) holds.

Now suppose that conditions (1-5) hold. We will use Theorem 2.4 to find the required embedding of K_t.

Let V (K_t) = {v_1, . . . , v_t}. Form an n-edge-coloured graph H as follows. Add one vertex v_0 and

(a) for 1 ≤ i ≤ n and 1 ≤ z ≤ t, join v_0 to v_z with k − d_{G(i)}(v_z ) edges coloured i, and

(b) for 1 ≤ i ≤ n, place (αk − ϵ_i)/2 loops coloured i on v_0.

We will now check to see that the number of edges and loops added to form H are nonnegative, so H is indeed a graph. Then we will show that H is a tree-connected outline k-factorization of K_{kn+1} with f(v_0) = α and f(v_z ) = 1 for 1 ≤ z ≤ t. The result will then follow from Theorem 2.3.

By (1), for 1 ≤ z ≤ t and 1 ≤ i ≤ n we know that k − d_{G(i)}(v_z) ≥ 0, so by (a) it follows that d_{H(i)}(v_z ) = k = kf(v_z ).

By (3), for 1 ≤ i ≤ n we know that αk ≥ ϵ_i, and clearly (αk − ϵ_i)/2 = ((kn + 1 − t)k − ϵ_i)/2 = k(kn + 1)/2 − ϵ_i − (kt − ϵ_i)/2, which is an integer because k(kn + 1)/2 is an integer by (5) and because (kt − ϵ_i)/2 = |E(G(i))|. Therefore (αk − ϵ_i)/2 is a non-negative integer. By (a) and (b) it follows that d_{H(i)}(v_0) = (ϵ_i + (αk − ϵ_i)) = αk.

We have now shown that H is a graph, and that it satisfies P (c). For 1 ≤ z_1 < z_2 ≤ t clearly v_{z1} and v_{z2} are joined by f(v_{z1} )f(v_{z2} ) = 1 edge, and since for 1 ≤ z ≤ t n∑ i=1 (k − d_{G(i)}(v_z )) = kn − (t − 1) = α,

v_0 is joined to v_z with f(v_0)f(v_z ) = α edges, so H satisfies P (a). Also, for 1 ≤ z ≤ t, v_z is incident with 0 = (_{f (vz)} 1 ) ) loops, and v_0 is incident with ∑_n i=1(αk − ϵ_i)/2 = (αkn − (ktn − t(t − 1)))/2 = α(α − 1)/2 = (_{f (v0)} 2 ) loops (since ∑_n i=1 ϵ_i + (_t 2 ) = ∑_t z=1 d_H (v_z) = kt), so P (b) is satisfied by H. Obviously ∑_t z=0 f(v_z) = kn + 1, so P (d) is satisfied. Therefore H is an outline k-factorization of K_{kn+1}.

It remains to show that H is tree-connected. H satisfies C(a) since by (2) for 1 ≤ i ≤ n, each component of G(i) contains a vertex that is joined by an edge coloured i to v_0. Also for 1 ≤ i ≤ n, α ≥ (2ω_i − ϵ_i − 2)/(k − 2) by (4), so kα − ϵ_i + 2ϵ_i + 2 ≥ 2α + 2ω_i, so α + ω_i ≤ ϵ_i + l_i(v_0) + 1, where l_i(v_0) = (αk − ϵ_i)/2 is the number of loops coloured i incident with v_0. Therefore C(b) is satisfied when v = v_0, and is clearly satisfied for each other vertex v_z (1 ≤ z ≤ t) since f(v_z ) = 1 and since we have shown that H(i) is connected.

4 Final Comments

In this paper we show that every amalgamation of a connected k-factorization of K_{kn+1} is a tree-connected outline k-factorization of K_{kn+1} (see Lemma 2.1). We then address the reverse question, asking which outline k-factorizations of K_{kn+1} are P -amalgamations of connected k-factorizations of K_{kn+1} . Theorem 2.3 answers this question in the case where P contains at most one element of size greater than one. This is a very useful result, allowing one to prove the embedding result in Theorem 3.1 which finds necessary and sufficient conditions for an n-edge-coloured K_{kn+1} in which each colour class is a connected k-factor.

It would be extremely interesting to find a generalization of Theorem 2.3 that removes the restriction that f(v) = 1 for all except possibly one vertex v. The example in Figure 1 shows that a stronger assumption on G than just being tree-connected will be needed. In the figure we show a G(i) in a case with k = 3 and with f(v) = 1 for all vertices v ∈ V (G(i)) except for two, namely a and b, where f(a) = f(b) = 2. G(i) is tree connected, but if b is split into two vertices of degree 3 then the resulting graph G^′(i) is not tree connected, so when a is split in its turn, the graph G^{′′}(i) obtained cannot be connected. The stronger condition needed may well be provided by a theorem of Nash-Williams [15].

Nash-Williams solved the problem of deciding when a graph G with V (G) = {v_0, . . . , v_{r−1}} together with an associated function f : V (G) → N is the {u_0, u_1, . . . , u_{r−1}}-amalgamation of a single connected graph H in which |u_i| = f(v_i) for i ∈ Z_r. In a close approximation to Nash-Williams’ terminology, we call H a {u_0, u_1, . . . , u_{r−1}}-detachment of G. We would require that each colour class have a connected {u_0, u_1, . . . , u_{r−1}}-detachment. (Of course, we would also require that the connected detachments form a partition of the edge-set of K_{kn+1}). Nash-Williams’ result gave a necessary and sufficient condition for a graph to have a connected detachment satisfying some degree constraints; this condition reduces to the tree-bound in the case when |u_i| = 1 for 1 ≤ i ≤ r − 1. We make the following conjecture.

Conjecture. G is the amalgamation of a connected k-factorization of K_{kn+1} if and only if G is an outline k-factorization of K_{kn+1} in which, for 1 ≤ i ≤ n, G(i) has a k-regular connected detachment.

a

b

Figure 1.

References

[1] B. Alspach and H. Gavlas, Cycle decompositions of K_n and K_n − I, J. Combin. Theory (B), 81 (2001), 77-99.

[2] L. D. Andersen and A. J. W. Hilton, Generalized latin rectangles II: Embedding, Discrete Math., 31 (1980), 235-260.

[3] L. D. Andersen, A. J. W. Hilton, and E. Mendelsohn, Embedding partial Steiner triple systems, Proc. London Math Soc., 41 (1980), 557-576.

[4] J. Doyen and R. M. Wilson, Embeddings of Steiner triple systems, Discrete Math., 5 (1973), 229-239.

[5] H. Hanani, On Quadruple Systems, Canad. J. Math., 12 (1960), 145-157. [6] A. J. W. Hilton, Hamiltonian decompositions of complete graphs, J. Combin. Theory (B), 36 (1984) 125-134.

[7] A. J. W. Hilton and C. A. Rodger, Hamiltonian decompositions of complete regular s-partite graphs, Discrete Math., 48 (1986), 63-78.

[8] A. J. W. Hilton and C. A. Rodger, The embedding of partial triple systems when 4 divides λ, J. Combin. Theory (A), 56 (1991), 109-137.

[9] Rev. T. P. Kirkman, On a problem in combinatorics, Camb. and Dublin Math. J. 2 (1847), 191-204.

[10] A. Johansson, A note on extending partial triple systems, submitted. [11] C. C. Lindner and C. A. Rodger, Decompositions into cycles II: cycle systems, Contemporary Design Theory: A Collection of Surveys (J. Dinitz and D. Stinson eds), Wiley, 1992.

[12] C. C. Lindner and C. A. Rodger, A partial m = (2k + 1)-cycle sysem of order n can be embedded in an m-cycle system of order (2n + 1)m, Discrete Math. , 117 (1993) 151-159.

[13] C. C. Lindner and C. A. Rodger, Embedding directed and undirected partial cycle systems of index λ, J. Combinatorial Designs , 1 (1993) 113-123.

[14] C. St. J. A. Nash-Williams, Amalgamations of almost regular edge-colourings of simple graphs, J. Combin. Theory (B), 43 (1987), 322-342.

[15] C. St. J. A. Nash-Williams, Connected detachments of graphs and generalized Euler trails, J. London Math. Soc. (2), 31 (1985), 17-29.

[16] C. A. Rodger and E. B. Wantland, Embedding edge-colourings into 2-edge-connected k-factorizations of K_{kn+1}, J. Graph Theory, 19 (1995), 169-185.

[17] M. Sajna, Cycle decompositions III: Complete graphs and fixed length cycles, J. Combin.

Designs, 10 (2002), 27-78.

[18] M. Tarsi, Decompositions of complete multigraphs into stars, Discrete Math., 26 (1979), 273-278.

[19] M. Tarsi, Decomposition of the complete multigraph into simple paths: non-balanced handcuffed designs, J. Combin. Theory (A), 34 (1983), 60-70.

[20] D. West, Introduction to Graph Theory, Prentice Hall, 1996.